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Preferred Gimbal Angles for Single Gimbal
Control Moment Gyros

S. R. Vadali,* H.-S. Oh,| and S. R. WalkerJ
Texas A&M University, College Station, Texas 77843

This paper deals with torque command generation using single gimbal control moment gyros. The angular
momentum and torque envelopes are assumed to be known a priori. A method based on back integration of the
gyro torque equation from desired final conditions is used to determine a family of initial gimbal angles that
avoid singularities. Each member of this family is defined as a preferred initial gimbal angle set. The pseudoin-
verse steering law is used during the numerical integrations. This procedure is demonstrated by means of
numerical examples that include attitude control and momentum management of the Space Station Freedom. A
feedback control scheme based on "null motion" is also developed to position the gimbals at preferred angles.

Introduction

CONTROL moment gyros (CMGs) are attractive space-
craft attitude-control devices. They require no expendable

propellant, which is a limited resource and can contaminate
the spacecraft environment. Their fixed rotor speeds minimize
structural dynamic excitations. They can be used for rapid
slewing maneuvers and precision pointing. For low Earth or-
biting spacecraft, momentum dumping can be easily achieved
by gravity-gradient torques. From the steering-law viewpoint,
it is widely accepted that double-gimbal CMGs (DCMGs) are
preferable to single-gimbal CMGs (SCMGs). For DCMGs,
steering laws proposed by Kennel1'2 have been well accepted.
The SCMGs have the advantages of possessing relative me-
chanical simplicity and producing amplified torques (for low
spacecraft angular velocities) on the spacecraft. However, de-
velopment of gimbal steering laws for their use is made diffi-
cult by the existence of internal singular states. For any system
of n CMGs and any direction in space, there exist 2" sets of
gimbal angles3 for which no torque can be produced in that
direction, and these sets are called internal singularities. Exter-
nal singular states correspond to directional angular momen-
tum saturation. DCMGs have internal singularities also, but
they are easier to avoid.

Margulies and Aubrun3 present a geometric theory of
SCMG systems. They characterize the momentum envelope of
a cluster of SCMGs and identify the internal singular states.
Yoshikawa4 presents a steering law for a roof-type configura-
tion with four SCMGs. His steering law is based on making all
of the internal singular states unstable by providing two jumps
with hystereses around the singularities. Cornick5 develops
singularity avoidance control laws for the pyramid configura-
tion. His technique is based on the ability to calculate the
instantaneous locations of all singularities. Hefner and
McKenzie6 develop a technique for maximizing the minimum
torque capability of a cluster of SCMGs in the pyramid con-
figuration. Bauer7 concludes that it is impossible to avoid
some singularities and, in general, no global singularity-avoid-
ance steering law can exist. Consequently, there will be in-
stances when torque demand cannot be met exactly.
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Meffe8 presents a parametric tradeoff study between CMG
systems (type and number) for the space station. Specifically,
the indicators are reliability, weight, power, volume, mainte-
nance, safety, control law, and life-cycle cost. The conclusions
are in favor of either the 4/6 or 5/6 SCMG clusters. The
numbers 4/6 indicate a total of six CMGs with four being
active. The Soviet space station M1R uses the 4/6 SCMG
cluster. The DCMG clusters are found superior to SCMG
clusters only from power consumption viewpoint. In a recent
paper, Blondin et al.9 discuss the selection of a prototype
DCMG for the space station. One of the reasons behind this
choice is that the space station does not have requirements to
perform rapid maneuvers.

The requirements for the space station are to control the
attitude in the presence of disturbance torques due to environ-
mental effects, motion of sun-tracking devices, and Shuttle
docking. Besides the attitude constraints of torque equilibrium
attitude (TEA) reference within 10 deg of local vertical local
horizontal (LVLH) and rates less than 0.02 deg/s, the CMG
momentum must be restricted8 to a spherical storage radius
(initial phase) of 20,000 ft-lb-s. The torque is limited to 400
ft-lb (spherical). These figures are subject to change. An active
momentum management and attitude controller for the space
station has been developed by Wie et al10 and Warren et al.11

This scheme seeks TEA and provides periodic-disturbance
rejection. The design of the pitch-axis controller is decoupled
from that of roll-yaw. Periodic-disturbance rejection filters
are developed to reject disturbances in the attitude or angular
momentum at the orbital rate and multiples of the orbital rate.
CMG dynamics and steering laws have not been considered in
this work.

In the present paper, we consider the determination of
initial gimbal angles for SCMG systems to avoid internal
singularities. Throughout the study, four SCMGs in a pyra-
mid configuration shown in Fig. 1 are used. The motivation
for this study came from earlier works mentioned previously,
wherein it has been shown that many singularity-avoidance
steering laws are not capable of avoiding singularities consis-
tently wen for unidirectional torque demands. We approach
the torque-generation problem from a more conservative
viewpoint. Rather than trying to develop a singularity-avoid-
ance law, we present a simple procedure for determining the
preferred initial gimbal angles for specific torque and momen-
tum envelopes. In many instances, these can be obtained by
performing attitude-control simulations without including the
CMG dynamics for a variety of initial conditions, parameter
variations, and so forth. The proposed method is based on
back integration of the CMG torque equation, typically start-
ing near the saturation envelope (to utilize the entire envelope)



NOV.-DEC. 1990 CONTROL MOMENT GYRO PREFERRED GIMBAL ANGLES 1091

and going to the specified initial angular momentum state.
The pseudoinverse steering law is used during the numerical
integration. It is shown by means of examples given in the
literature that the preferred initial gimbal angles do avoid
internal singularities. Finally, the attitude control and momen-
tum management of the phase 1 space station is considered as
an additional example. This example clearly shows the advan-
tage of using a preferred set of initial gimbal angles.

An important issue is the reorientation of the gimbals from
arbitrary angles to a preferred set. A feedback scheme for
performing such reorientations while minimizing output
torques on the spacecraft is also discussed.

CMC Steering
We consider CMG gimbal steering for four SCMGs

mounted in the pyramid configuration shown in Fig. 1. It is
assumed that the x,y ,z axes (roll, pitch, and yaw, respectively)
shown in the figure coincide with the vehicle body axes, and
the center of the pyramid base is assumed to be located at the
center of mass of the vehicle. Only the axial angular momen-
tum of each CMG is included in the mathematical model. The
angular momentum vector h and its derivative h in the body
axes can be written as

where u is the internal torque vector. The CMG steering equa-
tion is written, using Eqs. (2) and (4), as

where

= T

? - w x / i +«

(5)

(6)

The usual procedure for obtaining the gimbal rates from Eq.
(5) is to use the pseudoinverse of C. Thus we have

= CT(CCT)-lT (7)

— cos6 sinaj — cosa2 + cosS sina3 + cosa4

COS<TI — cos6 sin<r2 — cosa3 + cos6 sina4

sin5 sinaj -I- sin6 sina2 + sin6 sina3 + sinS sina4

0)

The determinant of the matrix CCT can be thought of as the
average gain of the cluster. It is well known that if rank (CC7)
is less than three, the pseudoinverse does not exist. The sets of
states at which this happens are called singular states or singu-
larities. Many steering laws have been developed to avoid
singular states, yet none has been proven to do so consistently.
A factor common to these schemes is the addition of "null
motion," —motion of the gimbals such that no torque is
produced on the spacecraft. In many situations, it is difficult
to anticipate the approaching singular states fast enough to
add sufficient null motion. The scheme proposed by
Kurokawa et al.12 is based on off-line calculation and table
look-up of gimbal angles that globally maximize the gain for
a given momentum. This scheme also has not been able to
provide singularity-free steering. As mentioned previously,our
objective is to develop a systematic approach for determining

and
— cosS sina2 cos5 cosa3 — sin<74

— cos6 cosa2 sina3 cos6 cosa4

sin6 cosa2 sin6 cosa3 sin6 cosa4

(2)

where h is the constant magnitude of the axial angular mo-
mentum of each CMG, a/ the gimbal angles, and 6 the pyramid
angle as shown in Fig. 1.

The Euler equations for a system consisting of a spacecraft
and a CMG cluster can be written as

[/] w + h + w x f [/] w + hi] = 0 (3)

where [/] is the inertia matrix of the spacecraft and co is the
angular velocity vector; w x indicates the cross product opera-
tion. We can write Eq. (3) as

<b + (4)

/.8 -54.74°

Fig. 1 Pyramid configuration.

a set of initial gimbal angles that can avoid singular states for
a given torque and momentum envelopes. This is discussed in
the next section.

Determination of Preferred
Initial Gimbal Angles

Perhaps the most severe demand on the CMGs is a secular
torque [Tin Eq. (6)]. Bauer7 shows that for the present CMG
configuration (6 = 54.74 deg), with the pseudoinverse steering
law, starting with all of the gimbal angles at zero, for a
constant positive torque about the x axis, an internal singular-
ity is encountered at a momentum value of I.ISH. This corre-
sponds to an antiparallel situation, i.e., two of the CMG
angular momentum vectors are pointed in opposite directions.
The gimbal angles at the singularity are a = [ - 90 deg, 0 deg,
— 90 deg, 0 deg ]r. The gimbal rates, without imposed con-
straints, are large near a singularity. It is noted that for the
same torque demand, multiple gimbal angle trajectories can
exist from one momentum state to another. A set of initial
gimbal angles that allows smooth gimbal rates throughout, up
to saturation, is termed "a preferred set." To investigate the
existence of preferred sets, a backward integration of Eq. (7)
was attempted, for specified torque demands.

At saturation along the positive x axis, all of the momentum
vectors are maximally projected along the x axis, i.e., a =
[-90 deg, 180 deg, 90 deg, 0 deg]7 and h = [/z(2cos6 + 2), 0,
0]r= [3.1545/f, 0, 0]r. The saturation gimbal angles for a given
direction are unique. Since saturation is an external singular-
ity, we cannot start the integration process exactly there.
Hence, the gimbal angles were perturbed slightly. For exam-
ple, we selected the near-saturation angles as a =[ — 89 deg,
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Fig. 5 Angular-momentum requirement for Bedrossian example.

Table 1 Initial gimbal angles for null momentum

Torque demand Initial gimbal angles
[100]
[010]
[001]
[1 1 1]
[420]
[240]

- 60 deg 60 deg 120 deg - 120 deg]
-120 deg -60 deg 60 deg 120 deg]

0 deg 0 deg 0 deg 0 deg]
0 deg 0 deg 0 deg 0 deg]

- 60 deg 60 deg 120 deg - 120 deg]
-120 deg -60 deg 60 deg 120 deg]

[45 deg -45 deg 45 deg -45 deg]
[45 deg -45 deg 45 deg -45 deg]

[45 deg -45 deg 45 deg -45 deg]
[45 deg -45 deg 45 deg -45 deg]
[45 deg -45 deg 45 deg -45 deg]

177 deg, 90 deg, — 1 deg]r. This choice is arbitrary and forces
the selection of one of the many trajectories leading toward
the zero-momentum state. On back integration of Eq. (7),
with a unit torque along the x axis, the following gimbal angles
were obtained near the zero-angular momentum state: [ — 59.6
deg, 60.7 deg, 118 deg, -121 deg]r. The angular momentum
vector at this point was [0.003, -0.023, 0.029]T. It is interest-
ing to note that singularities were not encountered during this
process. The nearest gimbal angles for the zero-angular-mo-
mentum state are a= [-60 deg, 60 deg, 120 deg, -120 deg]r.
These initial gimbal angles provide a local maximum for the
CMC gain for zero momentum, which is 1.1854. The gimbal
angles and rates with these preferred settings (forward integra-
tion with pseudoinverse steering law) are shown in Figs. 2 and
3. Figure 4 shows the CMC gain and it is clear that the gain
margin is quite high throughout except near saturation. More-
over, near the x axis momentum of 1.15, the gain is increasing.
It can be verified that a pseudoinverse steering law with this
initial gimbal angle set does indeed avoid all singular states for
torques along the x axis.

Several sets of initial gimbal angles for null momentum were
obtained for other desired torques as shown in Table 1. It
should be noted that due to symmetry of the configuration,
the set [-120 deg, -60 deg, 60 deg, 120 deg] is admissible for
a torque demand of [0 1 0]r.
Preferred gimbal angles for nonzero momentum states can
also be obtained by this procedure. It is also interesting that
the set [45 deg, —45 deg, 45 deg, —45 deg] provided singular-
ity-free operation for all of the examples in Table 1, except for
the uniaxial z-torque example.

Kurokawa et al.12 consider the following torque demand:

Ty= 0.3

7^=0.0

Our simulations were performed with gimbal angles initially
set at [ - 120 deg, - 60 deg, 60 deg, 120 deg] as well as [45
deg, -45 deg, 45 deg, -45 deg]. These choices were made
because the torque lies in the x-y plane. No internal singular
gimbal states were encountered and saturation occurred at
about 10 s.

The next example is similar to that considered by Bed-
rossian.13 The required angular momentum distribution is
shown in Fig. 5. The absolute values of the x and y compo-
nents of the torque are held constant at 0.707. Gimbal rates
with zero initial angles are shown in Fig. 6. It is clear that a
singularity is encountered at 1.5 s. Figure 7 shows the gimbal
rates with the preferred set [45 deg, - 45 deg, 45 deg, - 45
deg] . It is evident that no singularities are encountered. Figure
8 shows the gain along the trajectory and again we see that
there is sufficient gain margin and the gain is increasing near
the region where a singularity was encountered during the
previous simulation (Fig. 6).

Space Station Example
We now consider the attitude control and momentum man-

agement of the space station. This study also includes input
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disturbances that are not used in the control design model.
The space station data are given in Table 2. Although the
angular momentum storage capability of 20,000 ft-lb-s dic-
tates the use of 5/6 CMGs, we only use four. The following
assumptions are made to obtain linearized equations: 1) Prod-
ucts of inertia are neglected; 2) the 0 l9 02, and 03 are small
excursions from LVLH: roll, pitch, and yaw, respectively; and
3) the effect of CMG gimbal and rotor transverse inertia is
neglected.

The linearized equations are

w, (8a)

(8b)

(8c)

(9a)

(9b)

(10a)

(lOb)

(lOc)

- 73)co + 3«2(/2 ~

7202 + 3«2(/! - 73)02 = - u2

73cb3 -

h\ — nh3 = u\

A! = u2

where I\, 72, and 73 are moments of inertia, w is the angular
velocity vector of the space station, n is the orbital rate, h is
the CMG angular momentum vector along the body axes of
the space station, u is the torque vector, and w the vector of
disturbance torques.

The design disturbance model10 is

Wj = 1 + sin(«0 + 0.5 sin(2rtO, ft-lb (lla)

w2 = 4 .+ 2 sin(nt) + 0.5 sin(2«0, ft-lb (1 Ib)

w3 = 1 + sin(«0 -f 0.5 sin(2/?0, ft-lb (lie)
One filter for each frequency of the model disturbance is used
in each channel. The filter equations for pitch-attitude distur-
bance rejection are of the form10

a + n2ot = 0 (12a)

= 0 (12b)

A more refined disturbance model (AERO1 disturbance)14

that includes variable aerodynamic drag characteristics is also
included. The AERO1 disturbances are shown in Fig. 9. This
model includes disturbances at higher frequencies than twice
the orbit rate as well as orbit decay effects. In principle, one
can filter out disturbances at three and four times the orbit
rate using filters previously defined11; we have chosen not to
do this, as our main aim is to assess CMG steering perfor-
mance.

The pitch-axis controller is designed using LQR tech-
niques.10 The states are

x = [02, 02, h2, J7z2 d/, and filter states]

The states for the roll-yaw controller are

x = i, HI, j/Zi d/, 03, co3, /*3, \H3 d/, and filter states]

The state weighting matrix Q is selected to be diagonal and
each entry is chosen such that */ Q// #/ = 1, where xf is the
anticipated maximum value of the /th state. The control
weighting matrix is selected to be the unity matrix. For the
purpose of simulation, the initial attitude errors are selected to
be 1 deg about each axis.

As h and u are known approximately after the controller
design simulation, h can be thought of as a known quantity to
determine steering histories for the gimbals. In flight opera-
tion, the CMG loop will be driven in parallel with the attitude-
control loop. In the present context, the two loops have been
separated for ease of simulation. This can be justified as the
attitude-control bandwidth is low, of the order of 0.01 rad/s.
For convenience, Eq. (5) is written as

Ccr= T

Table 2 Space station data

Quantity
/i
h
/3
n
h

Magnitude
50.28E6
10.80E6
58.57E6
0.001 1
3500

Units
slug-ft2 (roll)

slug-ft2 (pitch)
slug-ft2 (yaw)

rad/s
ft-lb-s
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Fig. 6 Gimbal rates with a(0) = [0 deg, 0 deg, 0 deg, 0 deg]7.

0.00
0.00 1.00 2.00

sec
3.00
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Fig. 9 Aerodynamic torques on the space station.
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where
1.50 •

Starting with initial conditions of a = [0, 0, 0, 0]r, simulation
of the pseudoinverse steering law shows that a singularity is
encountered quite early in the first orbit (in about 720 s), as
shown in Fig. 10.

From initial simulations without including CMC dynamics,
we see that during the initial phases (less than one orbit) the
pitch and roll momenta are much higher than the yaw momen-
tum. Figure 1 1 shows the gimbal-angle histories with the initial
gimbal angles selected as a = [45 deg, — 45 deg, 45 deg, — 45
deg]r. No singular states are encountered and the momentum
magnitudes show near-periodic variations within limits. A
small secular component is noticeable in the pitch aerody-
namic torque due to orbit decay. This will lead to saturation of
the CMGs if uncompensated for.

Gimbal Reorientation Using Null Motion
CMG momentum vectors can be repositioned at desired

orientations by a feedback scheme using null motion. Let a/ be
the desired gimbal-angle set and o the current gimbal-angle
set. The relative error between the two is e = a/ — a. We define
a candidate Lyapunov function

V =

The time derivative of V can be written as

V=eTe= ~(a-a)To (13)

If the reorientation process is to be performed without pro-
ducing torques on the spacecraft, null motion equation for a
must be used. That is, let

a=[I-CT(CCT)~lC]d (14)

where d is any nonzero vector and /, the identity matrix.

1.00

CD
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0.00
0.00 5.00 10.00 15.00 20.00

sec
Fig. 14 Determinant (CC7) during reorientation.

Equation (14) can be written as

a = rd (15)

where T= [/- C^CC7)"^]. It is easy to verify that if we
premultiply Eq. (14) by C, the result is Ca = 0. It is also
important to note that r2 = T, i.e., r is a projection matrix.
From Eqs. (13) and (15), it is clear that V is at least locally
negative if

d - k(<jf — a)

where A: is a scalar and

y= - k(of - a)Tr(af - a)

(16)

(17)

Even though this scheme seems simple, there exists one draw-
back. If an internal singularity is encountered during the tran-
sit, r becomes undefined. To avoid this problem, near a singu-
larity, the following modification is made by using the
so-called singular robustness inverse13'15:

ff=[I-CT(CCT+aI)-1 C]d (18)

where a is a small positive constant of the order of 0.001. It is
true that with this modification, it is unavoidable that during
the gimbal transit, small torques could act on the spacecraft.
Figure 12 shows the gimbal reorientation using the preceding
scheme. The initial gimbal angles are o = [0 deg, 0 deg, 0 deg,
0 deg]r and the final gimbal angles are o = [45 deg, - 45 deg,
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45 deg, — 45 deg]r. The gimbal rates are shown in Fig. 13. It
is evident that as the singularity is reached, the gimbal rates
approach zero and it becomes necessary to to use the correc-
tion given by Eq. (18). Figure 14 shows the gain variation and
it is clear that, for this example, the output torque on the
spacecraft is negligible.

Conclusions
A new methodology for determining preferred initial gim-

bal-angle sets for SCMG clusters is presented. It is assumed
that torque- and angular-momentum envelopes are known a
priori. These need not be known exactly but in a qualitative
sense. The basic element of this procedure is back integration
of the CMG torque equation from the final conditions to the
initial conditions. The procedure can be applied to any num-
ber of CMGs (more than three) in a cluster. Several examples,
including active momentum management and attitude control
of the space station, are presented. It is shown that singularity
avoidance for a variety of problems can be easily achieved by
selecting proper initial gimbal angles. Except in one instance,
the gimbal-angle set a = [45 deg — 45 deg 45 deg — 45 deg]7

has been found to be applicable in all of the examples consid-
ered. Data regarding the preferred gimbal-angle sets for vari-
ous torque and momentum conditions have to be stored on
board to use this procedure in practice. A feedback scheme for
positioning the gimbals is also discussed. If this is done slowly,
the disturbance on the spacecraft is negligible and can be
compensated for by a feedback control law. For this reason,
the gimbal-reorientation control law has to be active along
with the torque-producing control law.

It is true that there are many preferred sets for a given
problem and one may be better than the others. To determine
this, a meaningful performance index such as the integral sum
squares of the gimbal rates can be utilized and an optimal
control problem solved.
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